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Abstract

A general approach to equilibrium and oscillations in a turbulent Bose—Einstein condensate,
valid in the mean-field approximation, is proposed. Two different wave equations, describing the
quasi-static equilibrium and the elementary excitations of the medium are derived. In particular,
it is shown that a modified Thomas—Fermi equilibrium can be defined in the presence of an
arbitrary spectrum of oscillations.

The oscillating modes are also determined using Bogoliubov—de Gennes (BdG) equations, valid
in different geometrical configurations, such as infinite, cylindrical and toroidal. The case of a
non-homogenous density is considered, which includes the modified equilibrium profiles. A
general form of dispersion relation for the elementary excitations is derived. Twisted phonons,
carrying a finite amount of angular momentum, are shown to be a particular class of BAG modes.
They were previously derived from fluid equations. Nonlinear analysis also shows that envelope

dark solitons can exist, and correspond to a rarefaction of twisted phonons.
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1. Introduction

Turbulence is an important and fascinating topic in both
classical and quantum fluids. This includes superfluid helium
[1] and Bose-FEinstein condensates (BEC) of low density
alkaline gases, where turbulence has been studied in recent
experiments [2]. From observation and simulations [3], it
emerges the view that a turbulent condensate includes vor-
tices and phonon oscillations.

Vortices have been observed in [4, 5], and the corre-
sponding quantum theory was explored by a large number of
authors [6, 7]. Large vortices of the size of the condensate,
reminding those observed in [4], have also been theoretically
described as Rossby waves, similar to those occurring in
planet atmospheres [8]. Vortex condensates are known to
organize in Abrikosov lattices, which have normal modes of
oscillation called Tkachenko modes [9, 10]. These modes
have been first observed by [11]. A more general class of
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lattice oscillations, associated with Rossby—Tkachenco
modes, has also been considered [12].

Phonons are elementary excitations in the medium, and it
is commonly believed that they cannot carry any angular
momentum in uniform condensates. However, recent work
has shown that twisted phonons, with angular momentum,
can exist in a non-rotating and unbounded condensate [13].
Similar concepts have also been proposed, such as twisted
phonons in classical fluids [14, 15].

Here we propose a general approach to oscillating BEC,
where the mutual influence of quasi-static Thomas—Fermi
(TF) equilibrium, vortices and elementary excitations of the
turbulent spectrum is considered. The term turbulence is
sometimes misleading as it can refer to different physical
situations. Alternatively, we could talk about excited con-
densates, but this could also be misleading. Here we call
turbulent a condensate where many different oscillations
coexist. And we focus on a steady state turbulence, where the
instabilities have saturated and the amplitude of the oscilla-
tions is nearly constant.
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The spectrum of oscillations is assumed arbitrary, and
described by a superposition of Bogoliubov—de Gennes
(BdG) modes, in different geometrical configurations. BdG
modes can be seen as generalized elementary oscillations of
the condensate, which reduce to the simple phonons in a
uniform medium.

The cases of cylindrical and toroidal media with arbi-
trary density profiles will be considered. The following
questions will be addressed: (a) what are the changes
introduced by turbulence on the quasi-static density pro-
files; (b) what are the changes introduced by such modified
profiles on the basic BAG modes; (c) can these BdG modes
include the case of twisted phonons, previously derived
with a fluid model?

The structure of the paper is the following. In section 2,
we start from the Gross—Pitaevskii (GP) equation, which
efficiently describes the behavior of BECs in the mean-field
approximation, and derive two different equations for the fast
and quasi-static wavefunction components. These will be the
basic equations of our model. In this introductory section it
will be also shown that, for steady state turbulence, a mod-
ified TF equilibrium will eventually emerge, where the con-
densate density will adjust, in order to keep the unperturbed
value of the chemical potential. Modified vortex solutions can
also be derived.

In section 3, we successively consider the BdG solu-
tions for an infinite BEC, and for cylindrical and toroidal
configurations with uniform density. We first consider
phonon beams with a beam waist much smaller than the
transverse dimensions of the condensate, therefore justify-
ing the infinite medium assumption and the neglect of
boundary conditions. We show that the resulting modes are
described by Laguerre—Gauss (LG) orthogonal functions
and possess angular momentum. These are the expected
twisted phonons, previously described using quantum fluid
equations [13]. The cylindrical case is formally very simi-
lar, apart from the fact that the transverse boundary condi-
tions are included, and a Fourier—Bessel (FB)
decomposition is used instead. As for the toroidal case, it
can be reduced to a periodic cylinder, if the major radius of
the torus is much larger than the minor radius, which is
relevant for experiments.

In section 4, we consider the case of a non-homogenous
BEC, under quite general density profile conditions. Modified
BdG modes will be derived, extending the results of the
previous section. A general form of dispersion relation is
obtained, which includes the effects of both the non-uni-
formity of the medium and the BdG mode configuration.
Finally, in section 5, we consider nonlinear mode solutions
and show that dark envelope solitons can occur for LG and
FB modes. This is a new kind of soliton solution, which are
not to be confused with the well known (non-envelope) dark
solitons [12]. The present work confirms and generalizes our
previous work based on a fluid description [13]. Finally, in
section 6, we state some conclusions.

2. Basic description

We start with the GP equation, describing the behavior of a
condensate in the mean field approximation, using the stan-
dard notation, as

iﬁ%w =(Ho+ g |y )y,

V2

Hy=—
0 oM

+ W (r). ey

Here, y = y (1, ¢) is the collective wavefunction of the con-
densed matter, V;(r) is the confining potential, and g is the
coupling parameter associated with binary atomic collisions
in the low energy limit. We assume that this equation is
satisfied by a generic solution of the form

w(r, 1) = [#@) + y e, 0] exp (<it/n). ()

where ¥ (r) describes the static equilibrium profile, i is a
superposition of BAG modes to be specified later, and y is the
chemical potential. Replacing this in equation (1), and taking
a time average over a period much longer than the typical
BdG mode period, such that <1/7> = 0, we obtain

wto = + 22 (I9F) |#. 3)
where 4, is determined by the unperturbed GP equation
po¥ = [ Ho + gno() | %, )

The chemical potential u introduced in equation (3) is clearly
distinct from the unperturbed chemical potential, y,, which is
defined for a condensate in equilibrium and in the absence of
oscillations [6]. On the other hand, ny(r) = |F()]* is the
density profile. Assuming that equation (3) is satisfied, we can
then use equation (1) to establish an evolution equation for
the turbulent part of the wavefunction, of the form

., 0
ity = (Hy + g [0 )i+ £(#6. 7). 5)

We can see that this equation strongly resembles the initial
GP equation (1), but with a different Hamiltonian H,, instead
of Hy, and an additional term L (¥, ), describing the
interaction between the slow and the oscillating parts of the
wavefunction. They are defined as

H, = Ho+ 2 gny(x) = u.
L (. )= g (30" + ¥i7?) ©)

Equations (2) and (5) will be used as the starting point of our
present work.

Before discussing the different BAG modes which are the
basic elements of the turbulent spectrum, let us consider the
modified equilibrium. For that purpose, we assume an arbi-
trary spectrum of oscillations, leading to an average density

perturbation 7 (r) = 2< [ > We can assume that a modified
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Figure 1. Modified TF equilibrium profile for a cylindrical
condensate, where two BdG modes as those of equation (24), with
(l=0,p=1)and (I = 1, p = 3) and amplitudes equal to 0.1 of the
unperturbed density. The unperturbed TF profile is also shown.

TF equilibrium will eventually be established, such that
1 .
mo®) = i = o] — i) (7)

This equality is obtained by neglecting the kinetic term of the
Hamiltonian H,, as usual. By assuming a radial potential
shape V(r) = Ma)ozrz/ 2, where wg is the frequency of the
harmonic trap, and taking the plausible assumption that tur-
bulence is absent at the boundary r = a, where ny = 0 (as
assumed in figure 1), we conclude that
u=W) = Mw02a2/2. This contrast with the unperturbed
value p, = Wy (ap), where ay is the radius of the condensate in
the absence of turbulence. We notice that, due to the existence
of a spectrum of oscillations, the size of the condensate
increases, a > a. Integration over the BEC volume, assum-
ing that the total number of condensed atoms is the same,
leads to

a* = a(it +

s /ﬁ(r)dr. ®)

LMo

This expression is valid for a cylindrical BEC with length L.
The resulting modified density profile is illustrated in figure 1,
for the cylindrical case in the presence of two BAG modes
(these modes will be described below). In this figure we
compare the dynamically renormalized profile with the
unperturbed profile, as it would occur in a cylindrical non-
uniform condensate. The observed static undulations of the
density profile, the reduction of its maximum value n( (0), and
the increase of radial dimension are due to the existence of
oscillations.

From the above discussion we can also conclude that the
vortex equation for a modified TF equilibrium, will reduce to

the usual form p'¥ = (HO +g |%|2)'f6, where p is now

replacing p,. No changes in the local structure of the vortex
solutions will therefore be expected, except for the fact that
vortices will exist on a modified density profile.

3. Modes in uniform BEC

We now focus on the BAG modes, starting with the simple
case of a uniform BEC, where the unperturbed density nq is
assumed constant. The discussion of the elementary excita-
tions of a BEC can be done by linearizing equation (5) with
respect to the perturbation associated with a given turbulence
mode . We then get

., 0
i~ = Hyp + g¥o ™, ©)

For a mode with frequency w, we can assume a solution of the
form

W (r, 1) = u(r) exp (—iwt) + v*(r) exp (iwt). (10)

Replacing this in equation (9), we obtain the two equalities

(70 — H,)u = Gyv, (}%w + H,*)v =—-Giu, (11)

where we have used Gy = g¥3. These are the so-called BAG
equations for the condensate. At this point we assume a solution
satisfying the equations V2 u=—k>u and V2% = —k%,
where k is a wavenumber, to be specified. The kinetic operator
inside H, is then reduced to 7%%k*/2M , and the two equations in
(10) become purely algebraic, and can be written in matricial
form as L - a = 0, with

_ (}%w - Hr) -Gy
az[;‘], L=| _ N (12)
G§ (70 + H;)
Solution of this matrix equation implies that Det. (L) = 0,
which can be written as

Jw = | |HP - |Gof = \/|H0 +2gn — ﬂf — (gny)?.(13)

Ignoring the confining potential V = 0, and assuming that the
chemical potential is u = gn,, this reduces to the well known
dispersion relation [6]

7i%k4 n
w* = c2k* + , €= S0 ,
4M? M

where ¢, is the Bogoliubov sound velocity. In order to under-
stand the generality of this dispersion relation, we consider the
case of twisted phonons [13] where, instead of a plane wave, we
have a wave beam propagating along the z-axis, as
u(r) = i(r) exp (ikz), v(r) = v(r) exp (ikz). Here, ii and ¥
are slowly varying amplitudes, such that
|0%2/02| < |k (0ii/02)| and |07 /02 < [k (09/02)] . They
satisfy the two paraxial equations

(14)

(vf + 2iki)u =0, (vf + 2iki)v =0. (15
0z 0z

Solutions of these equations are well known, and can be written
as a superposition of LG modes [16]

u(r) = ipFp(r), v(r)=v,F(r), (16)

where i ,; and ¥, are constant amplitudes, and F,,;(r) are LG
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functions of the form

Fp(r) = Cp L1 00) X! exp(ize - ?) (17)
Here, C,; are normalization constants, Lf, are the associated
Laguerre polynomials, and X = r?/w?(z), where the wave
beam waist w(z) slowly varies along the z-axis. It is well
known that, choosing appropriate normalization constants, these
LG functions satisfy the orthogonality relations
o 2n

/0 rdr fo dOF, (1) (t) = 8,5y (18)
Such solutions correspond to twisted phonons, carrying a finite
amount of angular momentum, as first derived in [13] by using
the quantum fluid equations. These modes are re-derived here,
as a special example of BAG modes. They correspond to pho-
nons with a beam waist much shorter than the size of the
condensate.

Let us now consider the opposite situation, where the
wave structure occupies the whole size of the condensate, and
the finite boundaries play a significant role. For this purpose,
we consider a condensate with a homogeneous cylindrical
shape, with radius a. In this case, we can assume solutions of
the form

u(r) = ii(r) exp (il0 + ifz), v(r) = ¥ (r) exp (il0 + ipz). (19)

We then obtain differential equations for ii (r) and v (r) of the

form
d( d 20\ =
[ra(r5)+(kj_r —Z)]M—O,

with k¥ = k* — 2, and a similar equation for ¥. The solu-
tions are Bessel functions of order /, such that

(20)

i(r) =iy (kor),  v(r) = vdi(kyr), (1)

with constant amplitudes #; and 7;. Noting that the wave
amplitudes vanish at the boundary r = a, we have to choose
the perpendicular wavenumber k; such that J;(k a) = 0, and
ky = ayp /a, where a, are the zeros of the Bessel function
J;. It can easily be shown that the solutions for these new BdG
modes, valid for a cylindrical configuration, satisfy ortho-
gonality relations similar to equation (18), of the form

a 2r
/ rdr f dOF i (r, 0 Fpy (r, 0) = 8,60, (22)
0 0

where we have defined the new orthogonal FB functions

Foi(r, 0) = Cpidi(aprja) exp(l0). (23)

The new normalization constant is Cp = a7z Jp41(ap).
Finally, it should be noticed that these cylindrical BdG
solutions can easily be adapted to a toroidal configuration, if
the large radius of the torus R, is much larger than the minor
radius a. We can then describe the torus as a periodic cylin-
der, with z = R¢, where ¢ is toroidal angle. For the resulting
toroidal BAG modes, the above cylindrical solutions stay
valid, but only discrete values of the parallel wavenumber are

considered, such that =, =m /R, where the integer m is
the toroidal mode number.

4. Modes in non-uniform BEC

Let us now generalize the above description for the case of a
non-uniform condensate. We assume that the condensate
density is slowly varying (and eventually periodic) along the
z-axis. The transverse density profile, ny(r) is assumed arbi-
trary and not necessarily cylindrically symmetric. Instead of
the above simple assumption, stated in equation (10), we now
use a generic mode decomposition of the form

g, 1) = Z[ukF,,/(m exp(i [z - iwkr)

k

+ Vi Fp(ry) eXp(—i /kz(Z)dZ + iwkt)]’ 24)

where the subscript k represents here the set of mode num-
bers, (I, p, k;), where k, =k for LG modes, k, = f for
cylindrical modes, or k, = m/R for toroidal modes. Using the
modified TF equilibrium of equation (7), such that
H, = —(4*V?/2M) + gn,(r), we can get from the linearized
wave equation (9) the following pair of BdG equations, for
each k mode

2v2
Jiwy +
2M

272
POl
M

At this point we should notice that, each of these k modes
satisfy an equation of the form (V? + kz)ukal =0 and

- gno(r)]ukal = GoviFy,

+ gl’lo(l'):|Vkal = —Go*ukal. (25)

(V% + kz)kap, = (. Using the relevant orthogonality con-
ditions (18) or (22), and after integration over r; = (r, 6), we
obtain the following result

7%k2
fiwy, — —— — Gy |ug = Sive,
[ k M k]k kVk

fuoy + 22 =57
( wy + T, +Gk)vk— Sy, (26)
where we have defined

Gi=g [ mo®|Fu(of dr,

Se=g [ B ®|Furof dr. @7

Here, these quantities can slowly vary along z, and the inte-
gration over r; extends from r = 0 to r = R, for the cylindrical
case, or from r = 0 to infinity for LG modes. These new
equations (26) can be re-written in matrix form Ly - a; = 0,
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with

ay = [uk]’ I:k _ [(ﬁa)k - Hk) - Sk:l’ (28)

S/: (ﬁa)k + Hk)

where we have defined Hy, = (%#%k*/2M) + Gy. This leads to
the general dispersion relation of BdG in a non-uniform
medium, of the form

2
7%k 2
Jwy = || — + G - |S 29
k \/[ T k] | k] (29)
From here, we obtain
72k4
2_ 2 2.2
W = W, + Cskk + 4M2 N (30)

where the cut-off frequency wo, and the modified Bogoliu-
bov sound velocitycy, are defined by

2 G
o = GE = IS k= (31)
This is a generalization of the dispersion relation

equation (14) to a non-uniform medium. At this point, it
should be notice that, in the definition of S of equation (27),
we can write <D02 (r) = no(r) exp (ig). This means that S only
differs from G, because of the phase factor exp (ig) inside the
integrand. If this phase is assumed constant, we will have

Gi = |Sk °, and the cut-off frequency @, will vanish.
However, this is not necessarily true. It will depend on the
solutions of the average wave equation (3).

We conclude that, in general, the BAG modes show a cut-
off frequency and a modified sound velocity, which both
depend on the shape of the condensate density, and on the
shape of the BAG mode. Both quantities will also eventually
depend on z, if the condensate density is supposed to vary
slowly along the axis of propagation. In this case, the total
mode wavenumber k will slowly adapt to the local axial
conditions, for a fixed mode frequency. On the other hand, the
transverse shape of the equilibrium density can be assumed as
arbitrary.

5. Envelope solitons

Let us now consider a nonlinear mode analysis. For that
purpose, we use a single mode solution, with frequency wy, of
the form

W (r, 1) = ug (2, 1) Fp (r) exp (—iot)

+vi (z, ) Fj(x) exp (iwkt). (32)
Replacing this in the nonlinear wave equation, equation (5),
and neglecting the terms describing second and third har-
monics evolving as (+2iw,t) and (+3iw,t), we obtain the

following expressions

.0 2
ﬁ(a)k + IE)M](FPI = (Heff + g |Vk|2|Fp1| )ukal

+ GoVka/ (33)
and
.0 2 |2
—7%| g — i ViFpr = | Hetr + g |uxl |Fpl‘ ViFp
+ GouiFpy, (34)
where we have used the auxiliary quantity
2
Hye = H, + g(|uk|2 + |Vk|2) |Fpl‘ . (35)

We now assume that the mode amplitudes depend on z,
according to (uy, vx) = (#ig, V) exp (ik,z), where the new
amplitudes also depend on z and ¢. This means that the nabla-
square operator inside the Hamiltonian H, can be replaced by

. ., 0 0% ).
VZ(ukFI,,) = F, exp (1kzz)(k2 + 21kzd_z + E]uk’ (36)

with a similar equation for v;. Notice that, with an appropriate
choice of orthogonal functions F},;, these expressions are valid
for LG modes, (if we assume k, = k), as well as for cylind-
rical Bessel modes with radius a (if we assume k, = f and
ki = (ajp/a), with k? = kf + kzz). The toroidal configuration
with major radius R > a, can also be described by the same
type of cylindrical Bessel modes, if in addition we use dis-
crete values for the axial wavenumber k, = m/R, as discussed
above.

Taking this into account, multiplying equation (33) by
F},, and integrating over the transverse space variables, we

p
obtain the nonlinear BAG relations

.0
|:/Z(0)k + 15) - Hk:IIZk =8V + Ry |\7k|212k,

.0 - .o oy
A IE — Hy iy = Siiiy + Ry |Mk| Vi. 37

Here, we have used the nonlinear Hamiltonian operator

212 2 2
Hk= ﬁ+Gk _ﬁ_ Zikzi+a_
2M 2M ok, 07>

+ (I + 152 ) R (38)
We recognize in the first two terms under brackets the linear
Hamiltonian H;, appearing in equation (28). The quantities Gy
and S, are defined as in the previous section, and we have
added a new quantity

Re=g [ |Fuw)] dr. (39)
At this point, we should use symmetry arguments, and
assume |iig|> = |7/?, as an additional and necessary condition.
Assuming that the linear dispersion relation for the generic
BdG modes, as given by equations (29)—(31), is still satisfied,
we can then reduce the system of coupled equations (37) to
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the following nonlinear evolution

.0 ”(,, o 0* 3

ii—u+ —|2ik,— + —|u—- =R |uP u=0, (40)
ot 2M ok, 972 2

where the vector u is defined by u = [ﬂk, ﬁk]. It is now

convenient to use a transformation of variables, from (z, t) to

the non-dimensional variables (£, 7), as defined by

7k,
ézkz Z_ﬁt’ T = Wil. (41)
This transforms equation (40) into the form
7kZ 92 R
u : 0w _ 3R ypu=o (42)
0t 2Mwy 08> 2 Jwy

This is a defocusing nonlinear Shrédinger equation, which
can be rewritten in a more appropriate form by rescaling the
space variable £ and the mode amplitude u, as

M. 172 2 172
()3 0y
- £ u= A. (43)
! ( 7k ) 3Ry
We are then led to the final standard form
2
i%+lﬂ—|Ale=0. 44)
ot 2 op?

It is well known that such an equation satisfies dark soliton
solutions, given by

A = A tanh(]Ao| 1) exp(i |AoP7), (45)
where the constant vector Ay determines the soliton ampli-
tude. Such solutions describe nonlinear BAG modes in a non-
uniform medium, and correspond to twisted phonons propa-
gating in a non-uniform BEC. They generalize similar
envelope soliton solutions [13], previously derived from a
quantum fluid description. The present approach is, not only
more general because it applies for non-uniform condensates,
but also more exact in the sense that the GP wave equation is
used, instead of the fluid approximation. Furthermore, these
new solutions were built over a modified TF equilibrium
profile, which is attained in the presence of an arbitrary
broadband spectrum of oscillations, assumed with constant
amplitudes, as described in section 2. The density perturba-
tions associated with these dark envelope solitons, as given by
i =(1—|AP) |Fyl are illustrated in figure 2.

6. Conclusions

A general approach to turbulence in BEC was proposed in
this work. Starting from the GP equation, which adequately
describes the condensate in the mean-field approximation, we
have derived two different equations describing the steady
state and the elementary excitations in a BEC. We have
shown that the TF equilibrium, as well as the vortex structure,
can be modified due to the existence of a background spec-
trum of oscillations.

Figure 2. Shape of dark envelop solitons in the axial and radial
directions, for: (a) the Gaussian mode p = 0, [ = 0, and (b) the
twisted LG mode p =0, [ =1.

On the other hand, we have derived a general dispersion
relation for BAG modes valid in different geometries, which
takes into account the modified quasi-static equilibria. We
have explicitly discussed the cases of infinite and finite con-
densates, with or without homogeneous density. We have
shown that the twisted phonons considered by us in a recent
publication [13] are indeed BdG modes, defined in the
paraxial approximation. The cases of cylindrical and toroidal
condensates were considered. Finally, we have studied the
nonlinear BdG solutions, and shown that envelope dark
solitons exist for modes satisfying the phonon dispersion
relation. These soliton solutions confirm and generalize our
previous results on twisted nonlinear waves.

The possible existence of global oscillations, such as
breathing and surface modes, was not considered here. Such
modes, are known in both condensed and non-condensed gas
[17, 18], and can also play a role in the turbulent medium.
They could be treated as a natural extension of the present
work. We have also ignored transient phenomena, and have



